In this paper, we classify flnite dimensional multiplicative simple BiHom-Lie algebras by investigating the corresponding semisimple Lie algebras and we give a complete classification of the complex 3-dimensional multiplicative BiHom-Lie algebras.
Introduction
The motivations to study Hom-Lie structures are related to physics and to deformations of Lie algebras. Hom-Lie algebra, introduced by Hartwig, Larson and Silvestrov in [5] , is a triple (L, [·, ·], α) consisting of a vector space L, a bilinear map [·, ·] : L × L → L and a linear map α : L → L satisfying the following conditions for all x, y, z ∈ L.
In [4] , the authors introduced a generalized algebraic structure endowed with two commuting multiplicative linear maps, called Bihom-algebras. When the two linear maps are same, then Bihom-algebras will be return to Homalgebras.
The simple Lie algebras have been completely classified by Cartan. They fall into four classical simple Lie algebras A n , B n , C n , D n and There are also five exceptional lie algebras denoted G 2 , F 4 , E 6 , E7, E 8 which have dimension 14, 52, 78, 133 and 248 respectively (see [6, 8, 9] , for example).
In recent years, many important results on simple Hom-Lie algebras have been obtained (see [7, 2] for example). In particular, Xue Chen and Wei Han classify finite dimensional multiplicative simple Hom-Lie algebras by investigating the corresponding semisimple Lie algebras (see [3] ).
It is well known that simple Lie algebras and (Hom-)Lie algebras plays an important role in (Hom-)Lie theory. Similarly, it is very necessary to study simple BiHom-Lie algebras in BiHom-Lie theory. In this paper, we classify finite dimensional multiplicative simple BiHom-Lie algebras.
The paper is organized as follows. In Section 1, we recall some basic definitons about BiHom-Lie algebras. In section 2, we give the necessary and sufficient conditions for two finite dimensional multiplicative simple BiHom-Lie algebras to be isomorphic by studying the correspending semisimple Lie algebras, and then classify finite dimensional multiplicative simple BiHom-Lie algebras. In section 3, we apply the result of the previous section to determine the multiplicative simple BiHom-Lie algebras of dimension 3.
Throughout this paper, all algebras are flnite dimensional and defined on the algebraically closed fleld C of characteristic 0 unless otherwise specifled.
1 Preliminaries Definition 1.1. [4, 11] A BiHom-Lie algebra over a field K is a 4-tuple (L, [·, ·], α, β), where L is a K-linear space, α : L → L , β : L → L and [·, ·] : L × L → L are linear maps, satisfying the following conditions, for all x, y, z ∈ L:
A Bihom-Lie algebra is called a regular BiHom-Lie algebra if α, β are bijective maps. 
Classification of multiplicative simple BiHom-Lie algebras
Let (L, [·, ·], α, β) be a finite-dimensional simple BiHom-Lie algebra. By Proposition 1.4, α and β are an automorphism of (L, [·, ·], α, β).
be an ordinary Lie algebra over a field C and let α, β :
for all x, y ∈ L. Then (L, [·, ·] ′ ) is a Lie algebra and α and β its also Lie algebra automorphism.
Definition 2.3. The Lie algebra (L, [·, ·] ′ ) is called the induced Lie algebra of (L, [·, ·], α, β).
So f is an isomorphism between the two induced Lie algebras.
On the other hand, if there exists an isomorphism f from the induced Lie
Hence f is an isomorphism between the two Lie algebras.
Proposition 2.5. The induced Lie algebra of the multiplicative simple BiHom-Lie algebra is semisimple. There exist simple ideal L 1 and an integer m = 2 such that
Proof. Suppose that G 1 = 0 is the maximal solvable ideal of (L, [·, ·] ′ ). Because α(G 1 ) and β(G 1 ) are also solvable ideals of (L, [·, ·] ′ ), then α(G 1 ) ⊆ G 1 and β(G 1 ) ⊆ G 1 . Moreover,
so G 1 is an ideal of (L, [·, ·], α, β). Then G 1 = L. Furthermore, since (L, [·, ·], α, β) is a multiplicative simple BiHom-Lie algebra, clearly we have [G 1 , G 1 ] = G 1 . It's contradiction. Hence G 1 = 0. According to Lie theory, (L, [·, ·] ′ ) is a semisimple Lie algebra and there are ideals L 1 , · · · , L m ⊆ L (unique, up to ordering) so that L = L 1 ⊕ · · · ⊕ L m and so that each (L i , [·, ·] ′ ) is a simple Lie algebra. Moreover, since α and β are automorphisms of Lie, we deduce that α k (L i ) k∈N and β k (L i ) k∈N are ideals of L and exist two permutations σ α , σ β respectively defined by α(L i ) = L σα(i) , β(L i ) = L σ β (i) . Because of simpless of (L, [·, ·], α, β), we have σ α = (1 · · · m − 1), σ β = (1 i 1 · · · i m−1 ) and σ α = σ β . Hence,
In the decomposition L = L 1 ⊕ α(L 1 ) ⊕ · · · ⊕ α m−1 (L 1 ), it is clear that the Lie algebras L 1 and L i are isomorphic therefore of the same type. On the other hand, if there exists an isomorphism f from the BiHom-Lie al- 
Classification of 3-dimensional multiplicative simple BiHom-Lie algebras
Let (L, [·, ·], α, β) be a multiplicative simple BiHom-Lie algebra. Then we have the following case: (L, [·, ·], α, β) is of type (1) (A l , m, C(α m ) ∩ C(β m )) and dim L = ml(l + 2).
(2) (B l , m, C(α m ) ∩ C(β m )), l ≥ 2 and dim L = ml(2n + 1).
(3) (C l , m, C(α m ) ∩ C(β m )), l ≥ 3 and dim L = ml(2l + 1).
(4) (D l , m, C(α m ) ∩ C(β m )) and dim L = ml(2l − 1).
(5) (G 2 , m, C(α m ) ∩ C(β m )) and dim L = 14 × m. Then, if dim(L) = 3, we have (L, [·, ·], α, β) is of type (A 1 , 1, C(α)∩C(β)).
Proposition 3.1. Every 3-dimensional BiHom-Lie algebra is isomorphic to one of the following nonisomorphic BiHom-Lie algebra: We note that two simple multiplicative BiHom-Lie algebras of the same type are not necessarily isomorphic.
For the case (l, m, dim(L)) = (1, 3, 9) We have
